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2a weakly interacting pion gas. Another important obser-
vation is that at low temperatures (energies) most of the
pion collisions are elastic. This fact implies in particular
that the number of pions is conserved. Thus it is possible
to introduce the corresponding pion chemical potential 
(not to be confused with the more usual chemical poten-
tial associated to the barionic number). This makes it
possible to consider the pion gas at thermal equilibrium
at temperature T for dierent values of the chemical po-
tential , or what it is the same, dierent pion densities,
and not only the case of chemical equilibrium correspond-
ing to  = 0.
According to the previous discussion the simplest state
for non barionic hadronic matter at low temperatures
and densities is just a gas of weakly interacting pions in
thermal equilibrium which could be described in a rst
approximation with a Bose-Einstein distribution. In ad-
dition, at very low temperatures the average pion energy
is much smaller than the pion mass allowing for to have a
non relativistic description of the pion gas. As discussed
later, the low density condition will prevent the forma-
tion of the Bose-Einstein condensate out of the pions,
thus making the description of the hadronic matter in
the mentioned regime especially simple.
More generally it is possible to consider the case when
the equilibrium is only local. In this case the tempera-
ture, density (or pion chemical potential) and the overall
velocity are space-time functions. In this situation it is
possible to have an hydrodynamic description of the sys-
tem as that considered in the Bjorken picture of heavy
ion collisions. A departure from local equilibrium will
give rise to dissipative processes like viscosity, which is
the main topic of this work. The evolution of the dis-
tribution functions outside equilibrium can be studied
by using the Uehling-Uhlenbeck equation, which is the
quantum version of the Boltzmann transport equation.
The computation of the transport coeÆcients such as
viscosity or heat conductivity requires the solution of the
transport equation for dierent specic perturbations of
the local equilibrium distribution.
As it was mentioned above, in this work we are inter-
ested in the computation of the viscosity of the hadronic
uid with the approximations discussed in the previous
paragraphs. In fact it is possible to have a good estima-
tion of this magnitude by neglecting quantum eects. In
this case the equilibrium distribution function is just the
Boltzmann distribution instead the Bose-Einstein distri-
bution. Moreover the elastic scattering pion cross section












In addition, at low temperatures we can use the non rel-
ativistic approximation so that our problem is equivalent
to the classical computation of the viscosity of a gas of
hard spheres of radius R so that  = R
2
. By using the
well known result in this case (see for instance [5]) we
















This formula provides a nice estimation of the viscosity
of the pion gas. However it does not take into account
any quantum eect that can be important at low temper-
atures. In addition it does not include any dependence
in the pion chemical potential, i.e. in the pion density.
In the following we will show how these eects can be
properly taken into account to nd the pion gas viscos-
ity in terms of the temperature and chemical potential
(or density) in the low temperature and density regime
at the leading order. We will also estimate the mag-
nitude of the next to leading corrections. The plan of
the paper goes as follows: In sec.2 we review the main
equations of the non-relativistic ideal pion gas to set the
notation and for further reference. In sec.3 we describe
briey the fundamentals of the kinetic theory needed to
follow the present work and in sec.4 we show how the
hydrodynamic equations emerge from it. In sec.5 we ob-
tain the equations for the transport coeÆcients in terms
of the appropriate solutions of the linearized transport
equations. In sec.6 we simplify these equations to write
them in useful form for nding explicit formulae for the
viscosity. In sec.7 we give the cross-section for the low
energy elastic pion scattering obtained from the lowest
order chiral perturbation theory. In sec.8 we obtain the
lowest order terms of the pion gas viscosity. In sec.9 we
show our numerical results and discuss the magnitude of
the next to leading corrections and in sec.10 we set the
main conclusions of our work. Finally in the appendix
we study the properties of the polynomials introduced in
this work that play a role similar to the standard Sonine
polynomials in the more familiar classic computations.
II. STATE EQUATION
In this section we review briey the equation of state
of a free non-relativistic bosonic gas, which will provide
our description of the pion gas at low temperature and
density. As it is well known [7], for a large volume the
























where g is the number of pions (g = 3), T = 1= is the
temperature, V is the volume,  is the pion chemical po-
tential and E(p) is the energy of a non relativistic pions in
terms of the momentum i.e. ~p = M






The number density or the number of pions per unit of






















3where the last term is the number of pions with zero
momentum per unit of volume. When this term is not
negligible it is responsible for the Bose-Einstein conden-











Clearly the above equations make sense only when the
chemical potential satises   0. As a consequence, in
the thermodynamic limit, where N; V ! 1 with N=V
constant, we nd two phases: In the rst one (normal
phase)   0 and n
0
= 0. However if we lower the tem-
perature, keeping a xed density,  increases until  = 0.
At that point n
0
6= 0 and the ground state density starts
to grow forming the Bose-Einstein condensate. Eventu-
ally, at T = 0, all pions are in the ground state so that
n = n
0
. The critical temperature T
c
where the phase















is the Riemann  function evaluated at 3=2.
Therefore the critical temperature can be made arbitrary
small by lowering the density. In this work we are inter-
ested in the the low temperature and the low density
regime. In order to simplify the analysis we will not con-
sider the contribution of the condensate. Thus for a given
temperature T , we will always assume that the density
will be low enough so that T > T
c
and no signicant
fraction of pions will have zero momentum (see [6] for a
discussion of the pion condensate).







and then the above equations for the density and the




























































































































Therefore we have for a non relativistic free pion gas at

































III. THE KINETIC THEORY FOR PIONS
The possibility of having an hydrodynamic description
of the pion gas requires the denition of macroscopic




V (~r; t), the pressure
P = P (~r; t), the number density n = n (~r; t), the temper-
ature T = T (~r; t) and others. In other words, it is needed
to have a large number of pions in each volume element
dV . The statistical description of the gas is based on the
(one-particle) distribution function f (~r;~v; t) which gives
the number of pions inside the phase-space volume ele-
ment d~r d~v at the instant t. In fact the phase-space vol-
ume element is given by d~r d~p but in the case considered
here the dierence amounts to a constant factor which
we include in the denition of the distribution function
f . Thus the total number of pions will be given by
N =
Z
f (~r;~v; t)d~rd~v =
Z
n (~r; t)d~r (14)
As we are interested here in the behaviour of the pion
gas at low temperatures and densities, most of the the
pion interactions will occur at low energies. Then the
pion-pion interactions will be essentially elastic and the
4total number of pions will be a conserved quantity. This
in particular means that it makes sense to introduce the
chemical potential  =  (~r; t) related with the pion num-
ber even in presence of low-energy pion interactions. The
evolution of the distribution function is determined by
the BBKGY hierarchy (from N.N. Bogoliubov, M. Born,
G. Kirkwood, H.S. Green and J. Yvon) [9]. This is a set of















; t) with f = f
(1)
. How-
ever, for low-density gases it can be a good approxima-
tion to truncate the BBKGY hierarchy. For example by
using the Bogoliubov ansatz, i.e. by writing the two-
particle function in terms of an appropriate product of
two one-particle functions (molecular chaos hypothesis),
it is possible to decouple the rst BBKGY equation from
the others to obtain the well known Boltzmann equation.
This equation was modied by Uehling and Uhlenbeck in
order to include the quantum statistic eects (see for ex-




























































is the collision term or collision functional. The above
equation describes the irreversible space-time evolution
of the (one-point) distribution function f , being this ir-
reversible behaviour a consequence of the truncation of
















; t) with i = 1; 2.
d is the dierential cross-section corresponding to the











, respectively. u is the relative veloc-




j and, nally, the






As it is the case of the Boltzmann equation, the
Uehling-Uhlenbeck equation typically drives the gas from
arbitrary initial distributions to the equilibrium distribu-
tion f
0
which is a xed point of this equation in the sense







For a gas moving at a macroscopic velocity
~
V the equi-
librium distribution corresponding to temperature T and
pion chemical potential  is given by
f
0





















from which the properties of free pion gas given in the
previous section can be derived. The case of local equi-
librium is also described by this distribution but having
the
~
V ; T and  parameters depending on the position
and time. This case corresponds to an ideal uid. How-
ever, in order to describe dissipative processes, such as
viscosity or thermal conduction, it is needed to consider
the case where the pion gas is not even in local thermal
equilibrium.
IV. HYDRODYNAMIC EQUATIONS
Given some magnitude  it is possible to compute its











where n = n (~r; t) is the pion number density. This aver-
age can be understood as the corresponding macroscopic
magnitude in the hydrodynamic approach [11]. For ex-
ample, the macroscopic uid velocity
~












The equation governing the evolution of any of these
magnitudes (transport equations) can be obtained by
multiplying  
1





























































































































where j T j
2
















From this form of the collision terms it becomes apparent
than it vanishes for any quantity  which is conserved
5in the collision such as the total energy or momentum.
On the other hand, by using the denition of statistical
average, the rst term of (21) can be written as:
@
t




n h ~vi (24)
Thus for conserved magnitudes this term vanishes. In or-
der to nd the basic hydrodynamic equations it is useful






 is the pion veloc-
ity relative to the macrocopic velocity
~
V and therefore it
averages to zero. Choosing  = 1; ~v and v
2
(correspond-
ing to the conservation of a constant, the mumentumand
the energy in the elastic collision) we obtain the equations






































































In order to understand the meaning of the above equa-









































is the energy (heat) ux. Due to the isotropy of the pion





. In this case Q = 3P=2 and q
i
= 0. Thus, (by
taking
~
V = 0 but not its derivatives, which can always
be done) we arrive to the standard ideal uid equations,

















P = 0 (30)











In spite of the above equations for the ideal uid, it
is well established that an irreversible ux of energy and
momentum appear in an inhomogeneous gas. This ux
gives rise to the well known dissipative processes of ther-
mal and conduction and viscosity. For example an small
gradient of temperature produces a heat ow which in a






where  is a coeÆcient called thermal conductivity. In
order to include momentum diusion eects we add an









The requirement for this tensor to vanish for uniform
translations and rotations of the uid, makes it possible







































Thus it is needed to introduce two coeÆcients  and 
which are usually called rst and second viscosity coef-
cients. The introduction of the dissipative eects does



















































































































































Thus the description of the dissipative ow of energy and
momentum requires the introduction of three transport
coeÆcients ;  and . However, for an incompressible
uid the second (shear) viscosity does not play any role.
In the following we will assume that this is the case for
the pion gas considered here.
V. COMPUTATION OF THE TRANSPORT
COEFFICIENTS
As it has been mentioned above the description of the
dissipative processes requires going beyond local equi-
librium. Thus, in order to compute the transport co-
eÆcients we have to consider a distribution function f













where  is an arbitrary function of the velocities which
represents the inhomogeneous contribution to the distri-
bution function. This contribution will be assumed to be
small in the sense that =T  1, since we are interested
only in the computation of the transport coeÆcients. The
 function must by determined by solving the Uehling-
Uhlenbeck equation which can be linearized with respect
to . Then it is possible to compute the transport coeÆ-






















Taking into account that this ux vanishes for an homo-

























































so that, we have the fol-











In a similar way it is possible to write the viscosity in
terms of an h function. In order to do that we write the


















For the present calculation it is enough to consider the
case
~
V = 0 (but not its derivatives). Then the non





































































is a microscopic velocity dependent quantity


































































































































(v) h (v) d~v (52)
As the h function depends only on the velocity modulus






















h (v) d~v (53)
In the following it will be useful to consider h as a func-









At this point it is customary to develop the h (x) in terms
of the Sonine polynomials. However it is more appro-




(z;x) since we are considering the
Uehling-Uhlenbeck as the transport equation (i.e. we
have taken into account quantum eects) instead of the
more common Boltzmann equation. The denition and
the main properties of this new polynomials can be found
in appendix A. In terms of P
s
r




























































































For all the families of polynomials, i.e., for all the r val-
ues, we have exact conservation of the collision invariants.
This fact makes possible to choose r so that we get the
simplest integral. The appropriate value turns out to be
















In this way the computation of the viscosity of the pion






As discussed above the the perturbed distribution
function must be a solution of the Uehling-Uhlenbeck
equation (15). In order to solve this equation it is quite
convenient to write the l.h.s. in terms of macroscopic
quantities, as the temperature, velocity, density and fu-
gacity, and their derivatives. This can be done by using
the equation of state and the hydrodynamic equations as


































































































































































































































Here it is possible to use the state equation for the free pion gas and the ideal uid equations (Euler, continuity and






























































On the other hand, substituting expression (37) into (16), expanding to rst order in the perturbation  and taking













































































































































and the  symbol is dened as
 [f (x)]  f (x
0
1
) + f (x
0
2







































where we have omitted the superindex 0 in the equilibrium distribution function. In this way the complete transport















































































































is the relative velocity of the incident pions.















VII. LOW-ENERGY PION CROSS-SECTION
In order to solve the above transport equation it is
needed to know the dierential cross section for pion scat-
tering. As we are interested in the low energy regime
the most appropriate approach is the Chiral Perturba-
9tion Theory which relies in the chiral symmetry pattern
of the strong interactions. In particular it is quite useful
the chiral Lagrangian approach suggested by Weinberg
and extended up to the one loop level by Gasser and
Leutwyler. This chiral Lagrangian approach consists in
a systematic expansion on the pion eld derivatives and
the pion mass which are considered to be of the same
order. From the lowest order of this expansion, the pion






































































where the standard Mandelstan variables s, t and u are
related by s+ t+ u = 4M
2

, the a subindices refer to the
pion isospin and F

is the pion decay constant. In the
total isospin basis there are three independent amplitudes














































































where the dierential Lorentz Invariant Phase Space is
given by




































where the constant C = 1=2 takes into account the iden-
tity of the nal pions.
As discussed above we are interested in the non rel-





















=2. In this limit it is convenient to
write the cross section in terms of the center of mass and
relative velocities
~














After some standard calculations the non relativistic re-









































VIII. LOWEST ORDER VISCOSITY FOR THE
PION GAS
As we have seen in previous sections the perturbation
of the distribution function appropriate for the compu-







































coeÆcients must be obtained by solving the
linerized transport equation being B
0
the dominant one.
In order to do so let us consider for a while a tensor l
kl
which is an arbitrary function on z and v^
1
. For further







































































































































where we have assumed the divergence of the velocity to
vanish since the pion gas is taken to be incompressible.






























Then, one of the two integrals appearing in the r.h.s. of




































Therefore, the two sides of the equation (82) are pro-
portional to V
ij
which is arbitrary. Thus one possible
solution to the equation is found by eliminating this ten-






























































In order to compute the B
s
coeÆcients we have to pro-
ceed in a similar way with the r.h.s. of the equation (82).
For that purpose we will take the low energy limit of the













belongs to the interval (0; ). Therefore, at very
low energies the elastic pion scattering cross section can
be considered as a constant, so that it is formally equiv-











After the manipulations described below the r.h.s of the













































































































































































































































































































In order to nd the leading contribution to the viscosity









In this way the calculation of the viscosity have been
reduced to the computation of the integral b
00
(z).
IX. RESULTS AND DISCUSSION
According to our previous discussion the viscosity of
the pion gas at low density and temperatures is given by
equation (92), where B
0
is the solution of the equation
system given in (93) and the corresponding coeÆcients
are dened in (89). Thus it is possible, at least in princi-
ple, to nd the viscosity as a function of the temperature
T and the fugacity z (or the pion chemical potential).
Alternatively it is also possible to nd the viscosity as a
function of the temperature and the pion number den-
sity. Due to the complicated integrals appearing in the
denition of the b
st
(z) functions it has been possible to
get numerical results only by Monte Carlo [12] integra-
tion. For the sake of simplicity most of these numerical
results have been obtained by using the approximation of
(95) and the hard sphere cross section of (86). In order
to check the validity of these approximations we have
computed the 4  4 matrix containing the rst b
st
(z)
functions for the particular value z = 1. The result and








277:2 0:7  42  1  99  3  408  14
 42  1 1043  8  395  8  800  30
 99  3  395  8 10700  110  7100  200






Now we consider the submatrices 1 1, 2 2, 3 3 and 4 4 and solve the corresponding system for the appropriate
number of B so that we can check the convergence of the results as the size of the truncation is increased. The results









Zero order 3:608  10
 3


















To take into account the velocity eects in the cross section we will consider (79) instead of (86) in the computation
of the b
ij




















































































2U + u cos 































































































































277:2 0:7 we get the upper bound for the temperature
T  (0:90 0:12)M

(103)
which means that the hard sphere approximation is safe
provided the temperature is much smaller than the 90%
of the pion mass. As we are working in a non relativis-
tic framework this will always be the case and then no
additional constrain on the applicability of our results is
coming from the hard sphere approximation.
Therefore in the following we will work at zero order
and in the hard sphere approximation. In this case the
viscosity is given by
































Some numerical results obtained from this formula are






Quantum case (z = 1)
p
T 4:00  10
5
Quantum case (z = 0:05)
p




T 1:9  10
6
The classical case is just the limit of z going to zero.
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versus z. It can
be understood as a plot of the viscosity, for constant temper-
ature and in arbitrary units, versus the fugacity.
Because of the particular way we have performed our
computations the particular case z = 0 is not numerically
accessible. However this case has been treated long time














Thus we can check that our computations have the
proper z = 0 limit. In g.1 we show the behaviour of b
00
and the viscosity, for constant T , in terms of the fugacity.
From this plots we learn that the viscosity of the bosonic
quantum gas is smaller than that of the classical gas.
This could be expected because of the following heuristic
argument: After some elastic collision the emerging par-
ticles have more aÆnity for occupied states than classical
ones. Therefore the microscopic transfer of momentum
is more eective in a classical gas than in a bosonic gas
and then the viscosity is also larger. A pictorial view of
this fact is displayed in g.2.
In many cases it is useful to have the viscosity as a
function of the temperature and the density instead of
the temperature and the fugacity. The pionic density can























This equation denes also implicitly the fugacity as a
function of the density and the temperature z = z (n; T ).
However, due to the complexities of the above integral
this functions have only been computed numerically. In
g.4 we plot =
p
T as a function of n=T
3=2
. The com-








FIG. 2: a) Two particles, belonging to two dierent regions of
the gas with dierent average momentum (black and white),
before an elastic collision. b) Particles before the collision in
the classical case where they typically get a new momentum
(represented in grey) c) Particles in the bosonic gas where
they typically want to go to occupied states with the same
momentum.
with constants A = 0:18140:0004,B = ( 2:42 0:03)
10
 4
and C = (9:6 0:3)  10
 8
. Thus the function ob-
tained (g.3) for the viscosity versus the temperature and
the density is
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As it may be noticed in g.4, the values of the viscosity









In this work we have computed the viscosity of the pion
gas, starting from rst principles only. This computation
is relevant for the hydrodynamic description of hadronic
matter at low energies and densities. The work relies on
the use of the Uehling-Uhlenbeck equation, which is the
quantum version of the Boltzmann equation, and chiral
symmetry, which determines completely the structure of
the pion interactions at low energies. We have also found
a formula for the viscosity in terms of the temperature
and the density which properly ts our numerical results.
The interest of the computations is twofold. First it is
useful to check when the usual assumption of perfect uid
for the hadronic uid is reasonable enough. Second it
can be used to include the viscosity in the Navier-Stokes
equations when dissipative eects cannot be neglected.
The main limitation of our work is that it can be ap-
plied only in the non-relativistic domain. As a conse-
quence of that it cannot be used directly in the study
of the events observed in the modern ultra relativistic
heavy ion colliders such as RHIC or the future LHC. In
any case we understand that our work is interesting in
order to show that the computations of transport coeÆ-
cients of the pion gas can be done in a complete model
independent way. In fact we consider that the result pre-
sented here is just the rst step of a complete relativistic
computation which could be applied at higher energies
and therefore in more realistic situations, to improve the
standard hydrodynamic description of hadronic matter.
Work is in progress in that direction.
14























FIG. 4: 3D plot of viscosity vs. temperature and particle
number density, given by equation (109).
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XI. APPENDIX
In this appendix we study the main properties of the
family of orthogonal polynomials P
s
r
(z;x) dened on the












where z 2 (0 1] and r > 0. By denition the polynomials


































For simplicity we dene the polynomials so that they are
monic, i.e. the coeÆcient of the term of highest degree
in each polynomial is taken to be one. Thus, the rst






































it is possible to compute the second polynomial which











(r + 1)  x (114)







































(r + 2) (r + 1) +









(r + 1) g
2
r+2





(r + 2)x+ x
2
(115)
Higher polynomials can be obtained in a similar way.
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